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In this paper the characterisation of functionally graded materials is elucidated by several
different methods. These methods described here are used for the quantitative analysis of
materials with a local dependence of microstructure parameters. Using X-ray microscopy
(computed tomography) for 3D-measurements and optical microscopy on polished sections for
1D and 2D measurements on the same sample, a ceramic filter consisting of sintered spherical
particles, various mathematical evaluation methods are described and compared.
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1. Introduction
The development of new materials with structural gra-
dients requires new methods to characterise their mi-
crostructure and to determine the properties of these
materials.

Traditional statistical image analysis of gradient struc-
tures is based on series of measuring fields, which is only
able to detect small gradients, e.g. [1–3]. This paper rep-
resents methods for the analysis of steep gradients within
a single image, based on cross-section preparation of ma-
terials. One particular aim is the determination of the
location-dependent pore size distribution in thin ceramic
layers with pore sizes down to the nanometer scale (e.g.
in ceramic membranes) [4].

For this task, both particle size and pore size distribu-
tions, for most of the functional gradient materials (FGM)
a direct determination of the spatial microstructural pa-
rameters is most often not possible. An exception is the
computed tomography (CT), however, in most cases not
with sufficient resolution (about 2 µm). Therefore, meth-
ods had to be developed by evaluating area-(2D) or linear

∗Author to whom all correspondence should be addressed.

(1D) data on planar sections to determine the local depen-
dence of the spatial parameters (3D).

In order to compare these 1D- and 2D-methods with the
3D-evaluation method (CT) a ceramic filter was selected,
which was prepared by vibration densification of layers
of Al2O3-particles with diameters >1 mm, sintered at
1700◦C.

In this paper two experimental methods (conputed to-
mography and image analysis on polished sections), and
three new mathematical methods (i) calculating the posi-
tion dependence of the equivalent sphere diameter fre-
quency distribution from the local dependence of the
equivalent circle diameter or the chord length frequency
distributions; (ii) describing the gradient of the porosity
by mathematical morphology, based on 3D-data, obtained
with CT) are shown.

2. Computed tomography
Computed tomography (CT) is the only non-invasive eval-
uation method to analyse three-dimensional density gra-
dients. The result of a CT measurement is usually given
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in form of a 3D image matrix. Each point represents a
single volume element, a voxel. CT delivers an absolute
measure, the linear attenuation coefficient µ, for the ab-
sorbed X-ray radiation averaged over one voxel.

For high resolution tomography an X-ray source with
a small focal spot is desirable. X-ray tubes with trans-
mission target allow for focal spot sizes down to mi-
crons. High resolution in the object plane is reached
by magnification technique. X-ray cone beam geome-
try leads to a 3D image of the whole object. Special
cone beam algorithms are developed for the image re-
construction. The most common used formalism is the
Feldkamp [5] algorithm. The high resolution tomograph,
developed at BAM1, works with a 100 kV transmission
target X-ray tube and a CCD camera cooled to improve
the signal-to-noise ratio. The scintillator is a thin GdOS
(Gadolinium Oxysulphide) layer deposited on the fibre
taper.

Two important features characterising the system per-
formance of a tomographic apparatus are the spatial res-
olution and the contrast or density resolution. With a
pixel size of (1.1 µm)3 the spatial resolution is about
320 Lp/mm (line pairs/mm) corresponding to about
1.5 µm. The best standard deviation σ of the contrast
resolution was about �µ/µ = 4.8% [6].

First gradient samples studied by CT were samples
(Cu-Fe and Cu-W system, TU Dresden [7]) prepared by
centrifugal powder forming in the green state (embedded
in epoxy) to examine the three-dimensional gradient in
the composition. Differences in the attenuation coefficient
could be characterised together with some details like
spots with a higher density [8].

For the present investigations the ceramic filter was
used as described above. The sample consists of five lay-
ers of Al2O3 spheres (five size fractions D = 1.6–2.0, 2.0–
2.5, 2.5–3.15, 3.15–3.5, 3.5–4.5 mm) sintered together
giving a gradient in the diameter from top to bottom of
the sample. Fig. 1 shows an isosurface representation of
the sample. A three-dimensional algorithm was devel-
oped to identify each sphere and to provide information
about its size and position. The plot of the total frequency
distribution of sphere diameters shows clearly four sep-
arated peaks (Fig. 2). The peak from 2.8 to 3.8 mm is
quite broad and suggests the existence of two overlap-
ping peaks. This idea is supported by the locally resolved
points in the same figure, which shows one sharp peak
at a horizontal position of about 35 mm and a sphere
diameter of about 3.4 mm which overlaps with a broad
peak of smaller spheres which occur at horizontal po-
sitions ranging from 10 to 40 mm and having sphere
diameters ranging from 2.8 to 3.4 mm. For compari-
son in section 3 (Figs 3–7). the planar cross section of
a parallel sample was utilised in direction of the gradi-
ent and the location-dependence of the sphere diameters
was calculated from the chord lengths, determined from
micrographs.

1BAM = Federal Institute for Materials Research and Testing, Berlin.

Figure 1 Isosurface representation of a ceramic filter sample.

3. Stereological analysis and determining
gradient structures on the basis
of cross sections

In image analysis in this investigation for the used stereo-
logical methods a trend-like variability of the microstruc-
ture in one principal direction (x-axis) is assumed, while
vertically to the x-axis only random fluctuations, as are
usually observable in a homogeneous structure, are al-
lowed. Steep gradients are investigated showing a strong
location dependence of the microstructural parameters.
The aim is the determination of spatial pore and parti-
cle size distributions as well as the location-dependent
stereological basic characteristics like volume fraction
VV (x), particle density NV (x) and surface density SV (x).
By means of lineal or area analysis, the stereological es-
timation for the location-dependence of volume fraction
VV (x) is straightforward.

A method with no assumptions of particle shape was
developed by Hahn et al. to evaluate the local surface
density SV (x). Similarly it is possible to estimate the local
length density to describe the gradient in fibre-reinforced
materials. An extensive representation of these results is
given in [9].

The determination of the spatial particle size frequency
distribution using the measured data of the planar cross
section needs the assumption of the particle shape. For
homogenous microstructures with a random distribution
of the microstructure parts calculations for various particle
shapes can be already found in the literature [10–11].

Starting with the assumption of spherical particles or
pores an evaluation method was developed enabling the
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Figure 2 Global sphere diameter distribution of ceramic filter and locally resolved sphere diameter distribution. Each dot represents one sphere. The gap
at a horizontal x-position of about 28 mm results from the fact that the used computer memory allowed only the analysis of half the data set at one time.
Thus spheres which were not fully located in one half of the data set gave rise to artefacts in the plot.

Figure 3 Cross section through the ceramic filter (left: top; right: bottom
in Fig. 1).

calculation of the gradient of the spatial particle size us-
ing the measured chord lengths or circle diameters in the
plane section in dependence of the local coordinate. The
distribution of the spatial particle sizes (sphere diameters)
is approximated by a lognormal distribution. There exists
a very simple relation between the moments of the distri-
butions of the sphere diameters, the circle diameters and
the chord lengths for spheres.

This yields to simple formulae for the standard devia-
tion σ (x) and the peak position D0(x) of the sphere diame-

ter distribution (see details in the appendix). The determi-
nation of the moments is straightforward. This method is
a robust stereological procedure which also compensates
errors in preparation to some extent.

Of course, the assumptions of a lognormal distribution
and of spheres are certain drawbacks. However, because
of using the moments, the results for other distributions
than lognormal give at least good approximations for the
average values (e.g. Dav(x), Nv(x), Sv(x)). The standard
deviation σ (x) is for this case only an effective measure
for the width of the distribution function. Especially for
narrow distributions it is only little dependent on the kind
of the distribution.

The advantage of this procedure compared to the al-
ready known method by Hahn et al. [9] is the possibility
not only to calculate the local dependence of the average
sphere diameter, but also of the standard deviation of this
value. This is especially of interest for a particle size dis-
tribution varying locally in width, e.g. in case of creating
a gradient in the particle arrangement by centrifugal sed-
imentation, where in the beginning the total particle size
distribution is present, while at the end only the smallest
particles are settled.

The stereological methods both for σ = f(x) and
σ = const., based on the moment method, were com-
bined in one computer program (GRADIENT2), which
uses chord lengths or equivalent circle diameters ob-
tained by standard procedures of an image analysis sys-
tem. In case of σ = const the method similar to Hahn
et al. [9] is used, determining a master frequency dis-
tribution, which is subsequently evaluated using three
moments (with n = 0, 0.5, 1). With the developed com-
puter program it is possible to line up several measuring

2A zero version could be obtained by the corresponding author.
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Figure 4 Local-dependence of Lav, Davsph and σmom (method of moments) Lav = average chord length, Davsph = average sphere diameter, σmom = standard
deviation.

Figure 5 Comparison of the results of computed tomography (see Fig. 2) with Davsph (Fig. 4) Davsph = average sphere diameter.

fields with or without gaps. Intersection (overlapping) and
changing calibration factors for the individual measuring
fields are allowed as well. Additionally it is also possible
to average over each single measuring field. This pro-
cedure was implemented also to characterise long range
gradients.

With help of this program, starting from planar section,
the following gradient characteristics, which are averaged
over a definite number of measuring points (points in x-
axis direction), can be determined:

Lav(x), φav(x), Dav(x), σ (x), NV (x), SV (x), VV (x) and the
cumulative (P) or frequency (p) logarithmic sphere diam-

eter distributions of numbers (index 0) or volumes (in-
dex 3) (i.e. VV ∗ p3(log D)); “av” means averaging over
the according frequency distributions belonging to one x-
location (Lav = average chord length, φav = average circle
diameter, Dav = average sphere diameter, VV (x) = volume
fraction, NV (x) = particle density, SV (x) = surface den-
sity). The chord lengths (lineal analysis) and circle di-
ameters (area analysis) are determined by image anal-
ysis. They represent the basic data for calculating the
location-dependence. By means of automated evaluation
procedures of the quantitative microstructure analysis a
large number of data can be collected giving a sufficiently
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Figure 6 Local-dependence of SV and VV of spheres (method of moments) Sv = total surface/volume, Vv = volume fraction.

Figure 7 Local-dependence of number weighted frequency distribution of sphere diameters Nv = number of spheres/volume.

statistical accuracy for the calculation of the spatial diam-
eter distribution.

A direct determination of the gradient of the spatial
particle size distribution is only possible with CT. For
comparison of the two methods, image analysis and CT,
the same gradient filter as in section 2 was used. In this
way it was possible to compare the CT-investigations with
the calculations of the sphere diameters from the chord
length data directly. Polished sections were prepared and
investigated. Fig. 3. shows a planar section through the
filter (for comparison see Fig. 1). Here the particle shape
is spherical and the gradient of the particle sizes shows
an almost monotonic behaviour (Fig. 4). For comparison

with the results of CT the data of Fig. 2 are mirrored and
plotted together with Davsph from Fig. 4 in Fig. 5. The
volume fraction of the particles is higher in the transition
zones, since with a wider particle diameter distribution
a better packing density of spheres is achieved (Fig. 6).
Fig. 7 shows the number frequency distribution of parti-
cles. The local dependence of the distributions is in good
agreement with the original five fractions. Of course due
to the used evaluation method no bimodal distributions
could be obtained. However, in the overlapping region
a broadening of the frequency distributions can be ob-
served. In spite of not lognormally distributed spheres,
the tendencies can be shown clearly.
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Figure 8 Location-dependence of the specific Euler-Poincaré–
Characteristic Kv(x) (from CT, left: top, right: bottom).

4. Characterisation of gradient structures by
means of mathematical morphology

An alternative to the particle-based methods described in
section 3 is to analyse the set X of all particles (or all pores)
as a whole. The analysis consists in application of opera-
tions of mathematical morphology such as “dilation” and
“erosion”, see Ohser et al. [10] or Soille [12]. Erosion
and dilation procedures consist of reducing or enlarging
the particles or pores by a certain amount of a sphere ra-
dius r. Typically as structuring elements b(0, r) disks or
balls with a series of different radii are used. For the sets
X ⊕ b(0, r) and X � b(0, r) the gradient-dependent vol-
ume fractions VV (x, r), (x = gradient variable, r = dilation
radius if r > 0 and erosion radius if r < 0) can be valuable
descriptors. For example, if for some regions of x-values
the particles are small, then already for small negative
values of r, VV (x, r) may be close to zero. So it is possible
to find a particle size gradient without size measurement
even in the case of constant volume fraction VV (x).

If three-dimensional data are given, in this example ob-
tained by CT (see Section 2) for the same ceramic filter as
with the other evaluations, mathematical-morphological
operations can help to determine the penetration depth of
spherical particles into porous structures without experi-
ments with real particles. It suffices to erode the systems
of pores by spheres and to study the connectivity of the
resulting set.

Based on three-dimensional data also the location-
dependent connectivity density (or specific Euler-
Poincaré characteristic) KV (x) can be determined, see
Ohser et al. [10]. (In 2D Kv(x) is defined as the sum of
interconnected components, e.g. in a binary image, minus
the number of holes). The idea is to determine KV for a

Figure 9 Effect of erosion (r < 0 mm) and dilation (r > 0 mm) of
the location-dependence of the volume fraction (pore system) (from CT),
r = radius of testing sphere.

Figure 10 Maximum of the penetration depth dp in dependence of the
radius r of the testing sphere (from CT).

layer located at x and orthogonal to the gradient, using the
method described in [13].

Fig. 8 shows KV (x) for the three-dimensional gradi-
ent structure corresponding to the planar section given in
Fig. 3. With increasing x one observes increasing values
of KV (x). The negative values of KV (x) for small x cor-
respond to a high degree of connectivity because of the
big influence of sinter-necks. For big particles (at large x)
the influence of the necks decreases and consequently the
degree of connectivity is smaller.

Fig. 9 shows VV (x, r) for the system of pores in the
structure corresponding to Fig. 3. It corresponds to three-
dimensional data and erosion and dilation with spheres.
The curve for VV (x) = VV (x, 0) corresponding to the orig-
inal pore system is nearly horizontal, indicating that there
is no volume gradient. The dilated pore system (positive
r) has a porosity decreasing in x, since the thin pores in
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the dense system of small particles for small x are heavily
enlarged by dilation. In contrast, the eroded pore system
(negative r) has a porosity increasing in x, since the small
pores vanish by erosion faster than the large pores at large
x. Thus the morphological operations show in an indirect
way the pore size gradient in the structure compared to
Fig. 6, where directly the dependences for the particles
are shown.

Fig. 10 shows the penetration depth (dp) for the same
structure, i.e. the maximal depth dp attainable for a spher-
ical particle of radius r if it starts in a pore on the side
with the big particles (bottom). Clearly for very small
spheres dp is equal to the whole thickness of the sam-
ple, but for r > 0.4 mm dp decreases, and it is close
to 0 for r = 1 mm. This curve was obtained by erod-
ing the three-dimensional pore system by a sphere of
radius r.

5. Conclusion
This paper represented methods characterising gradient
materials for one special example, a ceramic filter con-
sisting of Al2O3-spheres. CT and image analysis on cross
sections have been applied.

The results can be summarised as following:

– By means of computed tomography (CT) the spatial
structure of materials could be evidenced directly.
The measured data represent a base to calculate mi-
crostructural parameters such as volume fraction, par-
ticle and pore sizes. A universal application of this
method is restricted up to now by the available reso-
lution (approximately 2 µm).

– Statistical methods were developed calculating the
location-dependence of spatial pore and particle
size distributions. Planar sections (polished sections)
through the materials in direction of the gradient and
their image analysis yield the base for the statistical
analysis. The investigations resulted in a computer
program which allows the use of measuring data such
as chord lengths (1D-lineal analysis), circle diameters

(2D-area analysis) and equivalent sphere diameters
(3D-CT or sphere projections). The determination of
spatial particle size distributions is based on the as-
sumption that the particles are spheres. The procedure
was applied for the particular example of a ceramic
filter. The results are in close correlation to the results
from the 3D-analysis with CT.

– An alternative method for describing gradient struc-
tures is the use of techniques of mathematical mor-
phology. In this way it is possible to characterise
gradients without particle size measurements and to
quantify the connectivity of pore systems. For this
purpose it is necessary to apply methods of a 3D-
image analysis. The necessary data can be obtained
by means of CT. The application of this method was
demonstrated for the gradient filter again.

– On the same gradient sample (the ceramic filter), the
data from CT were also used to perform the math-
ematical morphology evaluation. Therefore it was
possible, to compare the results of CT, mathematical
morphology evaluation and the 2D-image analysis
directly with one sample. The results turned out to
be comparable very well. However, each method has
its special advantages and disadvantages and enables
the determination of different quantities, e.g. average
values or distributions.

– Provided it is possible to get sufficiently accurate
data either from CT or image analysis the demon-
strated evaluation methods can be used for any kinds
of functionally gradient materials with a gradient in
one direction.

6. Appendix
When evaluating microstructures, frequency distributions
can be determined by evaluating particle diameters (ap-
proximated as spheres, preferably directly determined
with CT), or equivalent circle diameters or chord lengths
with images on polished sections.

The moments of these distribution functions are very
useful for further evaluations:

Mn =
∞∫

−∞
Dnp0(ln D) d ln D p0 = sphere diameter frequency distribution (probability density) D = M1

M0
(1)

Rn =
∞∫

−∞
φnq0(ln φ)d ln φ q0 = circle diameter frequency distribution (probability density) φ = R1

R2
(2)

Sn =
∞∫

−∞
Lns0(ln L)d ln L s0 = circle diameter frequency distribution (probability density) L = S1

S2
(3)
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D , φ and Lare sphere average diameters, circle diame-
ters or chord lengths respectively.

These moments satisfy the following general relations
for spherical particles:

Rn

R0
= kn

Mn+1

M1
(4)

Sn

S0
= kn

Rn+1

R1
= 2

n + 2

Mn+2

M2
(5)

knkn−1 = π

2(n + 1)
k0 = 1, n ≥ −1 (6)

The following stereological parameters can be obtained
with these moments:

LL = S1

Lt
= AA = π

4

R2

At
= VV = π

6

M3

Vt
(7)

Vt = total volume, At = total area of evaluated image,
Lt = total length of all evaluated lines. LL = chord length
fraction, AA = area fraction, VV = volume fraction

SV = π
S0

Lt
= 4

R1

At
= π

M2

Vt
, SV = surface/volume (8)

NV = M0

Vt
, NV = numbers of particles/volume (9)

In addition also average particle sizes can be determined.
However, in general, these evaluations, when using im-
age analysis, are very inaccurate, because of not suffi-
cient statistics, especially, when only very small ranges
perpendicular to the gradient can be evaluated. Therefore
the assumption of a special distribution function is use-
ful, because then only two quantities must be determined
(maximum position and width) to have a full description
of the distribution function and all the related stereological
parameters.

In our case lognormal distributions of sphere diameters
are used:

p0(ln D) = p00 exp

(
− ln2 D/D0

2σ 2

)
(10)

D0 = peak position, σ = standard deviation, p00 = peak
height.

For this distribution function the following relation
holds:

Mn = Dn
0en2σ 2/2M0 (11)

Using M0, M1/2, M1 directly determined from 3D-
measurements (sphere diameters, e.g. CT within small

plates), or R0, R1/2, R1 from 2D-measurements (circle di-
ameters on polished sections within small strips) or S0,
S1/2, S1 from 1D-measurements (chord lengths on pol-
ished sections along lines) perpendicular to the x-direction
σ and D0 can be determined in dependence of x (using
(11), (4), and (5)):

σ 2 = 4 ln
M0M1

M2
1/2

= 4 ln a
R0R1

R2
1/2

= 4 ln b
S0S1

S2
1/2

,

with a = 0.9726, b = 0.96 (12)

D0 = e−σ 2/2 M1

M0
= 4

π
e−3σ 2/2 R1

R0
= 3

2
e−5σ 2/2 S1

S0
(13)

Using (11), (4), and (5) also all necessary moments in the
above formulae (7–9) can be calculated just from the ex-
perimentally obtained moments M0, M1/2, M1, or R0, R1/2,
R1, or S0, S1/2, S1. These moments were chosen, because
they can be determined with comparably high accuracy
(in contrast to e.g. M3 or R2). Nevertheless, smoothing of
all obtained quantities in x-direction is necessary (this has
been done in the program GRADIENT).
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